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7KH SUREOHP RI GHWHUPLQLQJ ZKHWKHU RU QRW WKH YDOXH RI DQ DWWULEXWH LV FDXVHG E\ RWKHU REVHUYHG DWWULEXWHV� RU
WKH\ PHUHO\ KDSSHQ WR RFFXU WRJHWKHU� KDV EHHQ DWWDFNHG IURP GLIIHUHQW DQJOHV� ,Q WKLV SDSHU ZH SURSRVH D
VROXWLRQ WR WKH SUREOHP RI GLVWLQJXLVKLQJ EHWZHHQ FDXVDO DQG DFDXVDO WHPSRUDO UXOHV� DQG WKH V\VWHP WKDW
JHQHUDWHG WKH UXOHV� 7KH SURSRVHG PHWKRG� FDOOHG WKH 7HPSRUDO ,QYHVWLJDWLRQ 0HWKRG IRU (QUHJLVWHUHG
5HFRUG 6HTXHQFHV �7,0(56� LV H[SODLQHG DQG LQWURGXFHG IRUPDOO\� 7,0(56 DVVXPHV WKDW WLPH FDQ IORZ LQ

WZR GLUHFWLRQV� IRUZDUG� ZKLFK LV WKH QDWXUDO IORZ� DQG EDFNZDUG� 7KLV PHWKRG KDV EHHQ LPSOHPHQWHG LQ WKH

7LPH6OHXWK VRIWZDUH� :H DVVXPH WKDW WKH LQSXW WR 7,0(56 FRQVLVWV RI D VHTXHQFH RI UHFRUGV� ZKHUH HDFK

UHFRUG LV REVHUYHG DW UHJXODU LQWHUYDOV� $ VHW RI UXOHV LV WKHQ JHQHUDWHG IURP WKLV LQSXW GDWD� :H SHUIRUP WKUHH

WHVWV� 2QH WR GHWHUPLQH LI WKH VHW RI UXOHV GHVFULEHV DQ LQVWDQWDQHRXV UHODWLRQVKLS� ZKHUH WKH GHFLVLRQ DWWULEXWH

GHSHQGV RQ FRQGLWLRQ DWWULEXWHV VHHQ DW WKH VDPH WLPH LQVWDQW� 7KH RWKHU WZR WHVWV GHWHUPLQH WKH GHJUHH WR

ZKLFK D VHW RI UXOHV LV FDXVDO RU DFDXVDO E\ FKDQJLQJ WKH GLUHFWLRQ WLPH ZKHQ JHQHUDWLQJ WHPSRUDO UXOHV� 7KH

UHVXOWV RI WKH WKUHH WHVWV DUH WKHQ XVHG WR GHFODUH D YHUGLFW DV WR WKH QDWXUH RI WKH V\VWHP� ,QVWDQWDQHRXV�

FDXVDO� RU DFDXVDO� 8QOLNH DSSURDFKHV EDVHG RQ FDXVDO %D\HVLDQ QHWZRUNV� RXU DSSURDFK GRHV QRW HPSKDVL]H

UHODWLRQV DPRQJ LQGLYLGXDO DWWULEXWHV� ,WV YHUGLFW DSSOLHV WR D VHW RI UXOHV� DQG WKH V\VWHP WKDW KDV JHQHUDWHG

WKH WHPSRUDO LQSXW GDWD�

����	���������	
:KHQ D FHUWDLQ YDOXH RI D GHFLVLRQ DWWULEXWH LV RIWHQ VHHQ WRJHWKHU ZLWK FHUWDLQ YDOXHV RI VRPH FRQGLWLRQ

DWWULEXWHV� WKH TXHVWLRQ PD\ DULVH DV WR ZKHWKHU WKHUH LV D FDXVDO UHODWLRQVKLS EHWZHHQ WKH GHFLVLRQ DQG

FRQGLWLRQ DWWULEXWHV� 7KLV SUREOHP EHFRPHV KDUGHU ZKHQ ZH FRQVLGHU D V\VWHP LQ ZKLFK WKH FXUUHQW GHFLVLRQ

DWWULEXWH PD\ KDYH EHHQ GHWHUPLQHG E\ SUHYLRXV YDOXHV RI WKH FRQGLWLRQ DWWULEXWHV DQG WKH SUHYLRXV YDOXHV RI

WKH GHFLVLRQ DWWULEXWH LWVHOI� 'LVWLQJXLVKLQJ DPRQJ FDXVDO DQG DFDXVDO V\VWHPV LV LPSRUWDQW EHFDXVH D FDXVDO

V\VWHP FDQ EH FRQWUROOHG LI WKH LQSXW FDQ EH PDQLSXODWHG� DQG LI ZH NQRZ WKH UHODWLRQVKLSV EHWZHHQ WKH LQSXW

YDOXHV DQG WKH RXWSXW YDOXH� $Q DFDXVDO V\VWHP PD\ QRW DOORZ WKH RXWSXW WR EH GHWHUPLQHG LQ WKLV ZD\� (YHQ

WKRXJK WKH SUHYLRXV YDOXHV PD\ DOZD\V SUHFHGH WKH GHFLVLRQ DWWULEXWH� 7KH UHDO FDXVH LV SUREDEO\ KLGGHQ�

7KXV UHSURGXFLQJ D GHVLUHG RXWSXW LV QRW JXDUDQWHHG� 7KLV LQVLJKW LV YHU\ XVHIXO WR D GRPDLQ H[SHUW ZKR

ZDQWV WR GLVFRYHU WKH FKDUDFWHULVWLFV RI D V\VWHP XQGHU LQYHVWLJDWLRQ�

$ SRSXODU PHWKRG IRU DVVHVVLQJ WKH FDXVDOLW\ RI D UHODWLRQVKLS LV WR XVH VWDWLVWLFDO PHWKRGV DQG GHWHUPLQH KRZ

WZR DWWULEXWHV LQIOXHQFH HDFK RWKHU >�@� $ WHVW IRU FRQGLWLRQDO LQGHSHQGHQFH LV SHUIRUPHG� ZKLFK VD\V WKDW LI

3�\� ] _ [�  3�\ _ [�� WKHQ \ LV FRQGLWLRQDOO\ LQGHSHQGHQW IURP ] JLYHQ [� ,I ZH DUH EXLOGLQJ D FDXVDO WUHH� WKLV

LQGHSHQGHQFH ZRXOG EH UHSUHVHQWHG E\ [ EHLQJ D SDUHQW RI \� DQG ] EHLQJ HLWKHU D SDUHQW RI [� RU UHVLGLQJ LQ

DQRWKHU EUDQFK RI WKH WUHH� 7KLV PHWKRG WKXV ZRUNV E\ ILUVW DVVXPLQJ WKDW DOO DWWULEXWHV DUH GHSHQGHQW RQ DOO

RWKHU DWWULEXWHV� 7HVWV IRU FRQGLWLRQDO LQGHSHQGHQFH SUXQH VRPH RI WKHVH GHSHQGHQFLHV� DQG WKRVH WKDW UHPDLQ

DUH FRQVLGHUHG WR VKRZ WKH FDXVDO UHODWLRQVKLSV DPRQJ WKH DWWULEXWHV�

:H FRQVLGHU WLPH WR EH RI H[WUHPH LPSRUWDQFH LQ WKH GLVFXVVLRQ RI FDXVDOLW\� ,Q SK\VLFV WKLV GLVWLQFWLRQ PD\

QRW EH PDGH� DV PDQ\ UHODWLRQV VHHP WR EH LQVWDQWDQHRXV� )RU H[DPSOH� FRQVLGHU WKH IRUPXOD 39  Q57�

ZKHUH 3 LV SUHVVXUH� 9 LV YROXPH� Q DQG 5 DUH FRQVLGHUHG FRQVWDQWV� DQG 7 LV WHPSHUDWXUH� 6HWWLQJ WKH YROXPH

DV FRQVWDQW� LQFUHDVLQJ WHPSHUDWXUH ZLOO DFFRPSDQ\ DQ LQFUHDVH LQ SUHVVXUH ZLWK QR WLPH GHOD\� $ KLJKHU
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WHPSHUDWXUH LQFUHDVHV WKH VSHHG DW ZKLFK WKH PROHFXOHV PRYH� ZKLFK LV WKH VDPH UHDVRQ IRU WKH LQFUHDVLQJ

SUHVVXUH YDOXH� ,Q RWKHU ZRUGV� WHPSHUDWXUH DQG SUHVVXUH PHDVXUH WKH VDPH SURSHUW\ RI WKH V\VWHP� )RU XV�

WKH SUREOHP WR VROYH LV ZKHQ WKHUH LV DQ DSSUHFLDEOH GHOD\ EHWZHHQ DQ DFWLRQ DQG WKH UHVXOWV� )RU H[DPSOH�

VHWWLQJ WKH WHPSHUDWXUH JDXJH WR D KLJKHU YDOXH ZLOO WDNH WLPH WR KDYH DQ HIIHFW RQ WKH WHPSHUDWXUH �DQG

SUHVVXUH� RI WKH V\VWHP� 6XSSRVH RXU V\VWHP FRQVLVWV RI D FORVHG FRQWDLQHU ILOOHG ZLWK VRPH JDV� KHDWHG E\ D

KHDWHU� 7KH SUREOHP ZH DUH LQWHUHVWHG LQ LV GHWHUPLQLQJ ZKHWKHU WKHUH LV D UHODWLRQ EHWZHHQ FKDQJLQJ WKH

WHPSHUDWXUH RI WKH KHDWHU RQ RQH KDQG� DQG WKH JDV SUHVVXUH RQ WKH RWKHU KDQG� $W WKH VWDUW RI WKH H[SHULPHQW�

DW WLPH �� ZH GHWHUPLQH WKH SUHVVXUH RI WKH V\VWHP WR KDYH EH 3�� WKH WHPSHUDWXUH RI WKH V\VWHP WR EH 7�� DQG

WKH KHDWHU
V WHPSHUDWXUH VHWWLQJ WR EH ��� &� :H FKDQJH WKH KHDWHU
V WHPSHUDWXUH WR ���&� $IWHU D ZKLOH� DW

WLPH �� ZH GHWHUPLQH WKH SUHVVXUH WR EH 3�� WKH WHPSHUDWXUH WR EH 7�� DQG WKH KHDWHU
V VHWWLQJ WR EH ���& DV

H[SHFWHG� 7KH TXHVWLRQ ZH ZDQW DQVZHUHG LV ZKHWKHU WKHUH LV D UHODWLRQ DPRQJ WKH KHDWHU VHWWLQJ DQG WKH

WHPSHUDWXUH DQG SUHVVXUH RI WKH V\VWHP� ,Q WKH UHVW RI WKH SDSHU 7 ZLOO DOZD\V GHQRWH WLPH�

,Q SUHYLRXV ZRUN ZH KDYH ORRNHG DW RWKHU PHWKRGV RI GLVFRYHULQJ FDXVDOLW\� VXFK DV 7(75$' >��@ DQG

&D00/ >�@� 2QH LPSRUWDQW SURSHUW\ WKDW GLIIHUHQWLDWHV WKH PHWKRG ZH ZLOO SUHVHQW LQ WKLV SDSHU IURP WKHVH LV

WKDW WKH SUHVHQWHG PHWKRG GHDOV ZLWK GDWD RULJLQDWLQJ IURP WKH VDPH VRXUFH RYHU WLPH� ZKLOH RWKHUV GHDO ZLWK

GDWD JHQHUDWHG IURP GLIIHUHQW VRXUFHV ZLWK QR VSHFLDO WHPSRUDO RUGHULQJ� :H KDYH VKRZQ WKDW ZKHQ GHDOLQJ

ZLWK WKH DSSURSULDWH NLQG RI GDWD� WKH SUHVHQWHG PHWKRG SHUIRUPV ZHOO >�@� 2XU SUHYLRXV ZRUN ZDV FRQFHUQHG

ZLWK GLVFRYHULQJ WHPSRUDO UXOHV� ZLWK QR FRQVLGHUDWLRQ RI FDXVDOLW\ DQG DFDXVDOLW\� +HUH ZH LQWURGXFH DQ

H[WHQVLRQ WR RXU PHWKRG WR DLG D GRPDLQ H[SHUW LQ PDNLQJ WKDW GLVWLQFWLRQ�

,Q WKLV SDSHU ZH LQWURGXFH WKH 7,0(56 PHWKRG �7HPSRUDO ,QYHVWLJDWLRQ 0HWKRG IRU (QUHJLVWHUHG 5HFRUG

6HTXHQFHV�� $V DOUHDG\ PHQWLRQHG� LW LV GLIIHUHQW IURP WKH RWKHU PHWKRGV LQ D QXPEHU RI ZD\V� )LUVW� WKLV

PHWKRG LV EDVHG RQ DQ H[SOLFLW WHPSRUDO RUGHU DPRQJ WKH REVHUYHG YDOXHV RI WKH DWWULEXWHV� 6XLWDEOH LQSXW

FRQVLVWV RI DQ RUGHUHG VHW RI UHFRUGV� ZKHUH HDFK UHFRUG FRQWDLQV WKH YDOXHV RI WKH DWWULEXWHV� DOO REVHUYHG DW

WKH VDPH WLPH� $Q H[DPSOH RI VXFK D UHFRUG LV� �[  �� \  �� ]  �!� 7KHVH UHFRUGV VKRXOG KDYH EHHQ

UHJLVWHUHG DW UHJXODU LQWHUYDOV� 7KH RWKHU GLIIHUHQFH LV WKDW WKLV PHWKRG LV QRW FRQFHUQHG DERXW WKH UHODWLRQ

DPRQJ LQGLYLGXDO DWWULEXWHV� VXFK DV �[ DQG \ DUH FDXVHV RI ]�� ,QVWHDG� LW MXGJHV D VHW RI WHPSRUDO UXOHV WKDW

LQYROYHV WKH YDOXHV RI [ DQG \ WR SUHGLFW WKH YDOXH RI ]� DV EHLQJ HLWKHU FDXVDO RU DFDXVDO� $Q H[DPSOH UXOH WKDW

FRXOG EHORQJ WR WKLV UXOH VHW LV� LI ^�[  �� DQG �\  ��` WKHQ �]  ��� +HUH [ DQG \ DUH FRQVLGHUHG WR EH

FRQGLWLRQ DWWULEXWHV� ZKLOH ] LV WKH GHFLVLRQ DWWULEXWH� %\ LWVHOI� ZH FDQQRW WHOO LI WKLV UXOH UHSUHVHQWV D FDXVDO

UHODWLRQ RU QRW� L�H�� GR [ DQG \ FDXVH ] WR KDYH D FHUWDLQ YDOXH� RU WKH\ MXVW KDSSHQ WR EH VHHQ WRJHWKHU� DQG DOO

WKHLU YDOXHV DUH FDXVHG E\ VRPH KLGGHQ YDULDEOH�V�� 7KH 7LPH6OHXWK VRIWZDUH >�@� ZULWWHQ LQ -DYD DQG IUHHO\

DYDLODEOH� LPSOHPHQWV WKH 7,0(56 PHWKRG DQG WULHV WR DQVZHU WKLV TXHVWLRQ� 7KLV PHWKRG LV HVSHFLDOO\

DSSURSULDWH ZKHQ ZH KDYH DFFHVV WR PDQ\ DWWULEXWHV RI D V\VWHP� EHFDXVH WKH PRUH DWWULEXWHV ZH KDYH� WKH

EHWWHU WKH FKDQFHV RI ILQGLQJ PHDQLQJIXO UHODWLRQVKLSV DPRQJ WKHP� 2WKHUZLVH WKHUH LV D GDQJHU RI ILQGLQJ

UDQGRP UHODWLRQV WKDW KDSSHQ WR H[LVW LQ WKH VDPSOH RI GDWD XVHG IRU WKH FDXVDOLW\ LQYHVWLJDWLRQ� )RU H[DPSOH�

LQ ZHDWKHU GDWD KDYLQJ RQO\ WKH DLU SUHVVXUH� ZLQG GLUHFWLRQ� DQG ZLQG VSHHG� WU\LQJ WR ILQG D VHW RI

FDXVDO�DFDXVDO UXOHV WR SUHGLFW WKH YDOXH RI DQ\ RI WKHVH DWWULEXWHV XVLQJ WKH RWKHU WZR PD\ QRW OHDG WR

VDWLVIDFWRU\ UHVXOWV EHFDXVH RI WKH ODFN RI UHOHYDQW LQIRUPDWLRQ� +RZHYHU� LI ZH DOVR KDG LQIRUPDWLRQ VXFK DV

WKH DLU WHPSHUDWXUH� VRLO WHPSHUDWXUH� KXPLGLW\� FORXG FRYHUDJH� HWF� WKHQ WKH PHWKRG PLJKW SHUIRUP EHWWHU�

7KH UHVW RI WKH SDSHU LV RXWOLQHG DV IROORZV� 6HFWLRQ � GHILQHV WKH WZR GLUHFWLRQV IRU WLPH� IRUZDUG DQG

EDFNZDUG� DQG GHVFULEHV DQ RSHUDWLRQ FDOOHG IODWWHQLQJ� WR EULQJ WKH UHOHYDQW DWWULEXWHV WRJHWKHU ZLWK GLIIHUHQW

GLUHFWLRQV RI WLPH� 6HFWLRQ � IRUPDOO\ GHILQHV FDXVDOLW\ DQG DFDXVDOLW\ LQ WKH FRQWH[W RI WKH 7,0(56 PHWKRG�

7KH GLVWLQFWLRQ DPRQJ WHPSRUDO DQG DWHPSRUDO UXOHV LV DOVR PDGH FOHDU� 6HFWLRQ � H[SODLQV KRZ 7,0(56

GHWHUPLQHV WKH QDWXUH RI D VHW RI UXOHV� :H H[SODLQ RXU DVVXPSWLRQ WKDW LQ D WHPSRUDO HQYLURQPHQW� D IRUZDUG

IORZ RI WLPH FDQ EH XVHG WR GLVFRYHU FDXVDOLW\� DQG D EDFNZDUG GLUHFWLRQ FDQ EH XVHG DV D WHVW IRU DFDXVDOLW\�

6HFWLRQ � SUHVHQWV WKH UHVXOWV RI H[SHULPHQWV SHUIRUPHG ZLWK WKH 7LPH6OHXWK VRIWZDUH XVLQJ UHDO DQG

V\QWKHWLF GDWD VHWV� 6HFWLRQ � FRQFOXGHV WKH SDSHU�
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$ WHPSRUDO UXOH LV RQH WKDW LQYROYHV YDULDEOHV IURP WLPHV GLIIHUHQW WKDQ WKH GHFLVLRQ DWWULEXWH
V WLPH RI

REVHUYDWLRQ� $Q H[DPSOH WHPSRUDO UXOH LV�

,I ^�$W WLPH 7��� [  �� DQG �$W WLPH 7��� \ ! �� [  ��` WKHQ �$W WLPH 7� [  ��� �5XOH ���

7KLV UXOH LQGLFDWHV WKDW WKH FXUUHQW YDOXH RI [ �DW WLPH 7 � GHSHQGV RQ WKH YDOXH RI [� � WLPH VWHSV DJR� DQG DOVR

RQ WKH YDOXH RI [ DQG \� � WLPH VWHS DJR� :H XVH D SUHSURFHVVLQJ WHFKQLTXH FDOOHG IODWWHQLQJ >�@ WR FKDQJH WKH

LQSXW GDWD LQWR D VXLWDEOH IRUP IRU H[WUDFWLQJ WHPSRUDO UXOHV ZLWK WRROV WKDW DUH QRW EDVHG RQ DQ H[SOLFLW

UHSUHVHQWDWLRQ RI WLPH� :LWK IODWWHQLQJ� GDWD IURP FRQVHFXWLYH WLPH VWHSV DUH SXW LQWR WKH VDPH UHFRUG� VR LI LQ

WZR FRQVHFXWLYH WLPH VWHSV ZH KDYH REVHUYHG WKH YDOXHV RI [ DQG \ DV� 7LPH Q� �[  �� \  �!� 7LPH Q � �� �[

 �� \  �!� WKHQ ZH FDQ IODWWHQ WKHVH WZR UHFRUGV WR REWDLQ �7LPH 7 � �� [�  �� \�  �� 7LPH 7� [�  �� \�  

�!� 7KH �7LPH �QXPEHU!� NH\ZRUGV DUH LPSOLHG� DQG GR QRW DSSHDU LQ WKH UHFRUGV� 7KH LQLWLDO WHPSRUDO RUGHU

RI WKH UHFRUGV LV ORVW LQ WKH IODWWHQHG UHFRUGV� DQG WLPH DOZD\V VWDUWV IURP ��Z � �� RU �7 � Z � �� LQVLGH HDFK

IODWWHQHG UHFRUG� DQG JRHV RQ XQWLO � RU 7� � RU 7 VLJQLILHV WKH �FXUUHQW WLPH� ZKLFK LV UHODWLYH WR WKH VWDUW RI

HDFK UHFRUG� 6XFK D UHFRUG FDQ EH XVHG WR SUHGLFW WKH YDOXH RI HLWKHU [� RU \� XVLQJ WKH RWKHU DWWULEXWHV� 6LQFH H

UHIUDLQ IURP XVLQJ DQ\ FRQGLWLRQ DWWULEXWH IURP WKH FXUUHQW WLPH� ZH PRGLI\ WKH SUHYLRXV UHFRUG E\ RPLWWLQJ

HLWKHU [� RU \��

,Q WKH SUHYLRXV H[DPSOH ZH XVHG IRUZDUG IODWWHQLQJ� EHFDXVH WKH GDWD LV IODWWHQHG LQ WKH VDPH GLUHFWLRQ DV WKH

IRUZDUG IORZ RI WLPH� :H XVHG WKH SUHYLRXV REVHUYDWLRQV WR SUHGLFW WKH YDOXH RI WKH GHFLVLRQ DWWULEXWH� 7KH

RWKHU ZD\ WR IODWWHQ WKH GDWD LV EDFNZDUG IODWWHQLQJ� ZKLFK JRHV DJDLQVW WKH QDWXUDO IORZ RI WLPH� *LYHQ WKH

WZR SUHYLRXV H[DPSOH UHFRUGV� WKH UHVXOW RI D EDFNZDUG IODWWHQLQJ ZRXOG EH � 7LPH 7� \�  �� 7LPH 7 � �� [�
 �� \�  �!� ,QVLGH WKH UHFRUG WLPH VWDUWV DW � RU 7� DQG HQGV DW �Z � �� RU �7 � Z � ��� 7KLV UHFRUG FRXOG EH

XVHG WR SUHGLFW WKH YDOXH RI \� EDVHG RQ WKH RWKHU DWWULEXWHV� [� LV RPLWWHG EHFDXVH LW DSSHDUV DW WKH VDPH WLPH

DV WKH GHFLVLRQ DWWULEXWH \�� ,Q WKH EDFNZDUG GLUHFWLRQ� IXWXUH REVHUYDWLRQV DUH XVHG WR SUHGLFW WKH YDOXH RI WKH

GHFLVLRQ DWWULEXWH�

)ODWWHQLQJ� LQ HLWKHU GLUHFWLRQ EULQJV GDWD IURP GLIIHUHQW WLPH VWHSV WRJHWKHU� 5XOHV IRXQG XVLQJ VXFK IODWWHQHG

UHFRUGV DUH RI WHPSRUDO QDWXUH� 7KH RXWSXW VHW RI UXOHV GLVWLQJXLVKHV DPRQJ WKH DWWULEXWHV IURP GLIIHUHQW WLPHV

E\ XVLQJ WLPH WDJV� DV VKRZQ LQ WKH H[DPSOH UXOH DERYH� ,I WKH V\VWHP XQGHU LQYHVWLJDWLRQ FRQWDLQV FDXVDO

UHODWLRQV� WKHQ EULQJLQJ SRVVLEOH FDXVHV DQG HIIHFWV IURP GLIIHUHQW WLPH VWHSV WRJHWKHU DOORZV 7,0(56 WR ILQG

FDXVDO UXOHV LQ WKH IODWWHQHG UHFRUGV� 7KH QXPEHU RI UHFRUGV IODWWHQHG WRJHWKHU LV GHWHUPLQHG E\ WKH ZLQGRZ

VL]H� ,Q WKH DERYH H[DPSOH� WKH ZLQGRZ VL]H LV �� 'LIIHUHQW ZLQGRZ VL]HV FDQ EH WULHG WR VHH ZKLFK YDOXH

JLYHV WKH EHVW UHVXOWV�

*LYHQ D VHW RI 1 WHPSRUDOO\ RUGHUHG REVHUYHG UHFRUGV '  ^UHF�� «� UHF1`� WKH SUREOHP LV WR ILQG D VHW RI

UXOHV� DV GHVFULEHG LQ PRUH GHWDLO EHORZ� (DFK UHFRUG UHFW  �FW��«� FWP! JLYHV WKH YDOXHV RI D VHW RI YDULDEOHV

9  ^Y��«� YP` REVHUYHG DW WLPH VWHS W� � 7KH IRUZDUG ZLQGRZ VHW 3I�Z� W�  ^GW� FNL _ �Z d W� 	 W�Z�� d N � W�

� d L d P` UHSUHVHQWV DOO REVHUYDWLRQV LQ WKH ZLQGRZ RI VL]H Z� VWDUWLQJ DW WLPH �W � Z ��� DQG JRLQJ XQWLO WLPH

W� ZKLFK LV FRQVLGHUHG WKH FXUUHQW WLPH� 7LPH IORZV IRUZDUG� LQ WKH VHQVH WKDW WKH GHFLVLRQ DWWULEXWH DSSHDUV DW

WKH HQG �WLPH W�� GW LV WKH GHFLVLRQ DWWULEXWH DW WLPH W� 7KH EDFNZDUG ZLQGRZ VHW 3E�Z� W�  ^ GW � FNL _ �W d _'_ � Z

� �� 	 W � N d �W � Z � ��� � d L d P` UHSUHVHQWV DOO REVHUYDWLRQV LQ WKH ZLQGRZ VWDUWLQJ DW WLPH W DQG JRLQJ

XQWLO WLPH �W � Z � ��� $JDLQ� W LV FRQVLGHUHG WR EH WKH FXUUHQW WLPH� 7LPH IORZV EDFNZDUG� LQ WKH VHQVH WKDW WKH

GHFLVLRQ DWWULEXWH DSSHDUV DW WKH EHJLQQLQJ �WLPH W�� $W WKH WLPH VWHS FRQWDLQLQJ WKH GHFLVLRQ DWWULEXWH�

FRQGLWLRQ DWWULEXWHV GR QRW DSSHDU� ,Q RWKHU ZRUGV� GW LV WKH RQO\ YDULDEOH DW FXUUHQW WLPH W�
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)RUPDOO\� WKH IODWWHQLQJ RSHUDWRU )�Z� '� GLUHFWLRQ� G� WDNHV DV LQSXW D ZLQGRZ VL]H Z� WKH LQSXW UHFRUGV '� D

WLPH GLUHFWLRQ GLUHFWLRQ� DQG WKH GHFLVLRQ DWWULEXWH G� DQG RXWSXWV IODWWHQHG UHFRUGV DFFRUGLQJ WR WKH DOJRULWKP

LQ )LJXUH ��

)�Z� '� GLUHFWLRQ� G�

%HJLQ

IRU �W  � WR _'_�

EHJLQ

LI ��GLUHFWLRQ  IRUZDUG� DQG �W t Z��

RXWSXW �]  �]NL _ GSL � 3I�Z� W� 	 N  Z���W�S 	 ]NL  GSL!�

HOVH LI ��GLUHFWLRQ  EDFNZDUG� DQG �_'_ � Z �� t W��

RXWSXW �]  �]NL _ GSL � 3E�Z� W� 	 N  S � W 	 ]NL  GSL!�

HQG

HQG

)LJXUH ��7KH IODWWHQLQJ RSHUDWLRQ� 7KH GHFLVLRQ DWWULEXWH G LV XVHG E\ WKH 3I�� DQG 3E�� VHWV�

7KH IODWWHQHG UHFRUG FRQWDLQV WKH QHLJKERULQJ Z UHFRUGV LQ WKH DSSURSULDWH GLUHFWLRQ RI WLPH� 7KH )Z RSHUDWRU

UHQDPHV WKH WLPH LQGH[ YDOXHV VR WKDW LQ HDFK UHFRUG� WLPH LV PHDVXUHG UHODWLYH WR WKH VWDUW RI WKDW UHFRUG RQO\�

,Q HDFK IODWWHQHG UHFRUG� WKH WLPH LQGH[ UDQJHV IURP � WR Z��� 7KH IODWWHQHG UHFRUGV DUH WKXV LQGHSHQGHQW RI

WKH WLPH YDULDEOH W� PDNLQJ WLPH UHODWLYH WR WKH VWDUW RI HDFK IODWWHQHG UHFRUG�

(DFK UXOH U� JHQHUDWHG IURP WKHVH IODWWHQHG UHFRUGV LV D SDLU� 7KH ILUVW PHPEHU RI D UXOH LV D VHW RI WHVWV� 7KH

RWKHU PHPEHU RI WKH UXOH LV WKH YDOXH WKDW LV SUHGLFWHG IRU WKH GHFLVLRQ YDULDEOH DW WLPH � RU Z��� U  �7HVWVU�

GYDO�� ZKHUH 7HVWVU  ^ 7HVW  �D� [� &RQG� `� :KHUH D � 9� DQG [ LV WKH WLPH LQ ZKLFK WKH YDULDEOH D DSSHDUV�

DQG ZKHUH &RQG UHSUHVHQWV WKH FRQGLWLRQ XQGHU ZKLFK 7HVW VXFFHHGV� 2QH H[DPSOH LV� D
[
! �� GYDO LV WKH YDOXH

SUHGLFWHG IRU GW �WKH GHFLVLRQ DWWULEXWH DW WLPH W��

)RU VXEVHTXHQW GLVFXVVLRQV� ZH GHILQH WKH RSHUDWRU &21',7,21�U� DV WKH VHW RI YDULDEOHV WKDW DSSHDU LQ WKH

FRQGLWLRQ VLGH RI D UXOH� L�H�� &21',7,21  ^D[ _ �D� [� &RQG� � 7HVWVU`� 6LPLODUO\� ZH GHILQH '(&,6,21�U�

 ^G^�� Z��``�

$Q DJJUHJDWH YDULDEOH LV D V\QWKHWLF YDULDEOH WKDW LV FRPSXWHG E\ DSSO\LQJ D IXQFWLRQ WR WKH YDOXH RI D

FRQGLWLRQ YDULDEOH RYHU D ZLQGRZ VL]H� $Q H[DPSOH LV WKH DYHUDJH YDOXH RI D FRQGLWLRQ YDULDEOH� $Q

DJJUHJDWH YDULDEOH LV DVVXPHG WR KDYH KDSSHQHG DW DOO RI WKH WLPH VWHSV LQ WKH ZLQGRZ� $Q DJJUHJDWH YDULDEOH

LV VXSSRVHG WR KDYH KDSSHQHG EHIRUH �LQ FDVH RI IRUZDUG WLPH IORZ� RU DIWHU �LQ FDVH RI EDFNZDUG WLPH IORZ�

WKH GHFLVLRQ DWWULEXWH� DQG LWV SUHVHQFH GRHV QRW LQYDOLGDWH D WHPSRUDO UXOH�

!������������������	������������������
7KHUH LV QR FRQVHQVXV RQ WKH GHILQLWLRQV RI WHUPV OLNH FDXVDOLW\ RU DFDXVDOLW\� )RU WKLV UHDVRQ ZH SURYLGH RXU

RZQ GHILQLWLRQV KHUH� ,Q SUHYLRXV UHVHDUFK ZH GHWHFWHG VHWV RI WHPSRUDO UXOHV DQG DVVLJQHG WKH WDVN RI

ZKHWKHU VXFK D UHODWLRQVKLS LV FDXVDO WR D GRPDLQ H[SHUW >�@� +HUH ZH SURYLGH D ZD\ WR PDNH VXFK GLVWLQFWLRQ�

(YHQ WKRXJK 7,0(56 SURYLGHV DQ DOJRULWKPLF PHWKRG IRU PDNLQJ D GHFLVLRQ WKURXJK D VHW RI PHWULFV� D

GRPDLQ H[SHUW LV VWLOO PDNLQJ WKH ILQDO GHFLVLRQ� ,Q HDFK FDVH� WKH LQIRUPDO GHILQLWLRQ LV IROORZHG E\ D IRUPDO

RQH� :H FRQVLGHU D VHW RI UXOHV WR GHILQH D UHODWLRQVKLS DPRQJ WKH FRQGLWLRQ DWWULEXWHV DQG WKH GHFLVLRQ

DWWULEXWH�



�

��� ,QVWDQWDQHRXV

$Q LQVWDQWDQHRXV VHW RI UXOHV LV RQH LQ ZKLFK WKH FXUUHQW YDOXH RI WKH GHFLVLRQ DWWULEXWH UHOLHV VROHO\ RQ WKH

FXUUHQW YDOXHV RI WKH FRQGLWLRQ DWWULEXWHV LQ HDFK UXOH >��@� $Q LQVWDQWDQHRXV VHW RI UXOHV LV DQ DWHPSRUDO RQH�

$QRWKHU QDPH IRU DQ LQVWDQWDQHRXV VHW RI UXOHV LV D �DWHPSRUDO� FR�RFFXUUHQFH� ZKHUH WKH YDOXHV RI WKH

GHFLVLRQ DWWULEXWH LV DVVRFLDWHG ZLWK WKH YDOXHV RI WKH FRQGLWLRQ DWWULEXWHV�

'HILQLWLRQ �� )RU DQ\ JLYHQ UXOH U LQ WKH UXOH VHW 5� LI WKH GHFLVLRQ DWWULEXWH G DSSHDUV DW WLPH 7� WKHQ DOO

FRQGLWLRQ DWWULEXWHV VKRXOG DOVR DSSHDU DW WLPH 7�

5 LV LQVWDQWDQHRXV LII �� U � 5� LI G7  '(&,6,21�U�� WKHQ � DW � &21',7,21�U�� W  7 ��

��� 7HPSRUDO

$ WHPSRUDO VHW RI UXOHV LV RQH WKDW LQYROYHV DWWULEXWHV IURP GLIIHUHQW WLPH VWHSV� $ WHPSRUDO VHW RI UXOHV FDQ EH

FDXVDO RU DFDXVDO�

'HILQLWLRQ �� )RU DQ\ UXOH U LQ WKH UXOH VHW 5� LI WKH GHFLVLRQ DWWULEXWH DSSHDUV DW WLPH 7� WKHQ DOO FRQGLWLRQ

DWWULEXWHV VKRXOG DSSHDU DW WLPH W z 7�

5 LV WHPSRUDO LII �� U � 5� LI G7  '(&,6,21�U�� WKHQ � DW � &21',7,21�U�� W z 7 ��

:H GR QRW LQFOXGH WKH FXUUHQW WLPH LQ WKH GHILQLWLRQ RI D WHPSRUDO VHW RI UXOHV EHFDXVH GRLQJ VR FDQ PDNH LW

SRVVLEOH IRU D FR�RFFXUUHQFH UHODWLRQ WR �SROOXWH� WKH UHVXOWV RI FDXVDOLW\ DQG DFDXVDOLW\ WHVWV� ZKLFK DUH

LQWURGXFHG ODWHU� $V DQ H[DPSOH� FRQVLGHU WKH FDVH RI D FR�RFFXUUHQFH UHODWLRQVKLS DPRQJ WKUHH DWWULEXWHV� WKH

[ DQG \ SRVLWLRQV DV WKH FRQGLWLRQ DWWULEXWHV� DQG WKH SUHVHQFH RI IRRG DW WKDW ORFDWLRQ DV WKH GHFLVLRQ DWWULEXWH�

,I IRRG DOZD\V H[LVWV LQ WKH VDPH ORFDWLRQ� WKHQ ZH FDQ SUHGLFW WKH SUHVHQFH RI IRRG HYHQ ZKHQ ZH DUH

DGMDFHQW WR WKH IRRG ORFDWLRQ� ,I ZH PRYH IURP SRVLWLRQ WR SRVLWLRQ DV WLPH SDVVHV� WKHQ WHPSRUDO LQIRUPDWLRQ

LV DV JRRG DV DWHPSRUDO LQIRUPDWLRQ� EHFDXVH WKH\ SURYLGH WKH VDPH LQIRUPDWLRQ� 7R SUHYHQW WKLV IURP

KDSSHQLQJ� ZH UHIUDLQ IURP XVLQJ REVHUYDWLRQV WKDW KDSSHQ DW WKH VDPH WLPH DV WKH GHFLVLRQ DWWULEXWH�

:H QRZ GHILQH WKH WZR SRVVLEOH W\SHV RI D WHPSRUDO UXOH�

����� &DXVDO

,Q D FDXVDO VHW RI UXOHV� WKH FXUUHQW YDOXH RI WKH GHFLVLRQ DWWULEXWH UHOLHV RQO\ RQ WKH SUHYLRXV YDOXHV RI WKH

FRQGLWLRQ DWWULEXWHV LQ HDFK UXOH >��@�

'HILQLWLRQ �� )RU DQ\ UXOH U LQ WKH UXOH VHW 5� LI WKH GHFLVLRQ DWWULEXWH G DSSHDUV DW WLPH 7� WKHQ DOO FRQGLWLRQ

DWWULEXWHV VKRXOG DSSHDU DW WLPH W � 7�

5 LV FDXVDO LII �� U � 5� LI G7  '(&,6,21�U�� WKHQ � DW � &21',7,21�U�� W � 7 ��

����� $FDXVDO

,Q DQ DFDXVDO VHW RI UXOHV� WKH FXUUHQW YDOXH RI WKH GHFLVLRQ DWWULEXWH UHOLHV RQO\ RQ WKH IXWXUH YDOXHV RI WKH

FRQGLWLRQ DWWULEXWHV LQ HDFK UXOH >�@�

'HILQLWLRQ �� )RU DQ\ UXOH U LQ WKH UXOH VHW 5� LI WKH GHFLVLRQ DWWULEXWH G DSSHDUV DW WLPH 7� WKHQ DOO FRQGLWLRQ

DWWULEXWHV VKRXOG DSSHDU DW WLPH W ! 7�

5 LV DFDXVDO LII �� U � 5� LI G7  '(&,6,21�U�� WKHQ � DW� &21',7,21�U�� W !7 ��

$OO UXOHV LQ D FDXVDO UXOH VHW KDYH WKH VDPH GLUHFWLRQ RI WLPH� DQG WKHUH DUH QR DWWULEXWHV IURP WKH VDPH WLPH

DV WKH GHFLVLRQ DWWULEXWH� 7KLV SURSHUW\ LV JXDUDQWHHG VLPSO\ E\ QRW XVLQJ FRQGLWLRQ DWWULEXWHV IURP WKH VDPH

WLPH VWHS DV WKH GHFLVLRQ DWWULEXWH� DQG DOVR E\ VRUWLQJ WKH FRQGLWLRQ DWWULEXWHV LQ DQ LQFUHDVLQJ WHPSRUDO

RUGHU� XQWLO ZH JHW WR WKH GHFLVLRQ DWWULEXWH� 7KH VDPH SURSHUW\ KROGV IRU DFDXVDO UXOH VHWV� ZKHUH WLPH IORZV
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EDFNZDUG LQ DOO UXOHV WLOO ZH JHW WR WKH GHFLVLRQ DWWULEXWH� &RPSOHPHQWDU\� LQ DQ LQVWDQWDQHRXV UXOH VHW� QR

FRQGLWLRQ DWWULEXWH IURP RWKHU WLPHV FDQ HYHU DSSHDU�

"���#����$%&'�$��#��
7KH 7,0(56 PHWKRG LV EDVHG RQ ILQGLQJ FODVVLILFDWLRQ UXOHV WR SUHGLFW WKH YDOXH RI D GHFLVLRQ DWWULEXWH XVLQJ

D QXPEHU RI FRQGLWLRQ DWWULEXWHV WKDW PD\ KDYH EHHQ REVHUYHG DW GLIIHUHQW WLPHV� :H H[WUDFW GLIIHUHQW VHWV RI

UXOHV WR SUHGLFW WKH YDOXH RI D FRQGLWLRQ DWWULEXWH EDVHG RQ GLIIHUHQW ZLQGRZ VL]HV DQG GLIIHUHQW GLUHFWLRQV IRU

WKH IORZ RI WLPH� 7KH TXDOLW\ RI WKH VHW RI UXOHV GHWHUPLQHV KRZ WKH ZLQGRZ VL]H DQG WLPH GLUHFWLRQ KDYH EHHQ

DSSURSULDWH� :H FKRRVH HLWKHU WKH WUDLQLQJ DFFXUDF\ RU WKH SUHGLFWLYH DFFXUDF\ RI WKH VHW RI UXOHV DV WKH PHWULF

IRU D JRRG ZLQGRZ VL]H� 7KH WUDLQLQJ DFFXUDF\ PHDVXUHV WKH DSSOLFDELOLW\ RI DOO WKH GLVFRYHUHG UXOHV RQ WKH

GDWD WKDW JHQHUDWHG WKH UXOHV� DQG LV LQWXLWLYH DQG HDV\ WR FRPSXWH� 7KH SUHGLFWLYH DFFXUDF\ WULHV WKH JHQHUDWHG

UXOHV RQ XQVHHQ FDVHV� DQG PHDVXUHV WKH SUHGLFWLYH SRZHU RI WKH UXOHV� :KLOH SUHGLFWLYH DFFXUDF\ FDQ RQO\ EH

JHQHUDWHG LI WKHUH DUH XQVHHQ FDVHV� WKH WUDLQLQJ DFFXUDF\ LV DOZD\V DYDLODEOH�

)ODWWHQLQJ GDWD UHVXOWV LQ D WHVW IRU FDXVDOLW\ EHFDXVH ZH DVN &��� WR ILQG UXOHV WR SUHGLFW WKH YDOXH RI WKH

GHFLVLRQ DWWULEXWH XVLQJ SUHYLRXVO\ REVHUYHG FRQGLWLRQ DWWULEXWHV� 7LPH6OHXWK FDQ DV HDVLO\ WHVW IRU WKH

DFDXVDOLW\ E\ IODWWHQLQJ WKH GDWD LQ WKH UHYHUVH WHPSRUDO RUGHU� 7KXV WKH H[DPSOH UHFRUG LQ WKH SUHYLRXV

VHFWLRQ ZRXOG EH IODWWHQHG WR JHQHUDWH �[�  �� \�  �� [�  �! ZKLFK FRXOG EH XVHG WR SUHGLFW WKH YDOXH RI

HLWKHU [� XVLQJ WKH RWKHU DWWULEXWHV� :H ZRXOG WKXV WHVW WR VHH LI WKH FXUUHQW YDOXH RI D GHFLVLRQ DWWULEXWH

GHSHQGV RQ WKH YDOXHV RI RWKHU DWWULEXWHV LQ WKH IXWXUH� ,Q SUDFWLFH� LV QRW QHFHVVDU\ WR ZULWH RXW WKH UHFRUGV LQ

WKH UHYHUVH RUGHU� DV ORQJ DV LW LV FOHDU ZKLFK YDULDEOH LV WKH GHFLVLRQ DWWULEXWH� ,Q WKH IRUZDUG IORZ RI WLPH� LW

LV HLWKHU [� RU \� ZKLOH LQ WKH UHYHUVH IORZ RI WLPH LW LV HLWKHU [� RU \��

7R WHVW WR VHH LI D VHW RI UXOHV LV VSRQWDQHRXV� ZH VLPSO\ UHIUDLQ IURP IODWWHQLQJ WKH LQSXW� ,Q RWKHU ZRUGV� ZH

XVH D ZLQGRZ VL]H RI Z  �� :H WKXV WHVW WR VHH LI WKH FXUUHQW YDOXH RI WKH GHFLVLRQ DWWULEXWH GHSHQGV RQ WKH

FXUUHQW YDOXH RI WKH FRQGLWLRQ DWWULEXWH�

$V PHQWLRQHG EHIRUH� LQ 7,0(56 ZH XVH HLWKHU WKH WUDLQLQJ RU WKH SUHGLFWLYH DFFXUDF\ DV WKH PHDVXUH IRU WKH

TXDOLW\ RI WKH VHW RI UXOHV� &��� EHLQJ D FODVVLILHU� GRHV LWV EHVW WR FRPH XS ZLWK DFFXUDWH UXOHV ZLWK QR UHJDUG

WR WKH ZD\ WKH LQSXW KDV EHHQ SUHSURFHVVHG� 7KH XVHU VKRXOG WKXV SHUIRUP � WHVWV� JHQHUDWHV GLIIHUHQW UXOH

VHWV� DQG FRPSDUHV WKH UHVXOWV ZLWK HDFK RWKHU LQ RUGHU WR MXGJH WKH V\VWHP DV FDXVDO� DFDXVDO� RU

LQVWDQWDQHRXV�

:H SURYLGH WKH IROORZLQJ JXLGHOLQH IRU PDNLQJ WKH GLVWLQFWLRQ DPRQJ WKH WKUHH W\SHV� 7KH WHVWV DUH GRQH LQ

WKH RUGHU SUHVHQWHG�

*HQHUDWH GDWD ZLWK WKH GDWD DQG ZLWK GLIIHUHQW YDOXHV RI WKH ZLQGRZ VL]H� 6HW WKH DFFXUDF\ RI WKH UXOH VHW IRU

Z  � WR DL �LQVWDQWDQHRXV�� VHW DI WR WKH EHVW DFFXUDF\ YDOXH GHULYHG IURP IRUZDUG IORZ �FDXVDO� WHVWV� DQG VHW

DE WR WKH EHVW YDOXH IRU EDFNZDUG IORZ �DFDXVDO� WHVWV� &RQVLGHU 5XOH*HQHUDWRU�� WR EH D IXQFWLRQ WKDW WDNHV DV

LQSXW WKH IODWWHQHG UHFRUGV DQG D WDUJHW GHFLVLRQ DWWULEXWH� JHQHUDWHV WHPSRUDO UXOHV� DQG UHWXUQV D TXDOLW\

PHDVXUH IRU WKH UXOHV� VXFK DV WKHLU WUDLQLQJ RU WHVWLQJ DFFXUDF\�

DL  5XOH*HQHUDWRU�'� G�

DI  PD[�� � D d Z d E� 5XOH*HQHUDWRU�)ODW�Z� '� IRUZDUG� G�� G��

DE  PD[�� � D d Z d E� 5XOH*HQHUDWRU�)ODW�Z� '� EDFNZDUG� G�� G��

$IWHU REWDLQLQJ WKH DERYH YDOXHV� ZH FKDQJH WKH IRFXV IURP VHWV RI UXOHV WR WKH V\VWHP WKDW JHQHUDWHG WKH

LQSXW GDWD� DQG IROORZ WKHVH JXLGHOLQHV WR GHFLGH RQ WKH QDWXUH RI WKH V\VWHP XQGHU LQYHVWLJDWLRQ�
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�� ,I WKH UHVXOWV RI DQ LQVWDQWDQHRXV WHVW �WKH WHVW ZLWK D ZLQGRZ VL]H RI �� LV EHWWHU WKDQ RWKHU WHVWV� WKHQ WKH

V\VWHP LV VSRQWDQHRXV� ,I D V\VWHP LV VSRQWDQHRXV� ZH H[SHFW WKH UHVXOWV RI WHPSRUDO �FDXVDO DQG DFDXVDO�

WHVWV WR EH DERXW WKH VDPH DV WKH VSRQWDQHRXV WHVW� DV LQIRUPDWLRQ DYDLODEOH LQ IODWWHQHG UHFRUGV ZLOO

FRQWDLQ FR�RFFXUUHQFHV DPRQJ WKH DWWULEXWHV�

�� ,I WKH UHVXOWV RI D EDFNZDUG IORZ WHVW LV EHWWHU WKDQ D VSRQWDQHLW\ WHVW� DQG EHWWHU RU HTXDO WR D FDXVDOLW\

WHVW� WKHQ ZH GHFODUH WKH UXOHV WR GHQRWH DQ DFDXVDO UHODWLRQ� :H RSW WR GHFODUH WKH UXOH VHW DFDXVDO LQ FDVH

RI D WLH EHFDXVH MXGJLQJ D V\VWHP DV FDXVDO QHHGV LQVLJKW LQWR WKH ZD\ WKH V\VWHP ZRUNV� DQG LW PD\ QRW

EH DYDLODEOH WR RXU PHWKRG�

�� ,I WKH UHVXOWV RI D IRUZDUG IORZ WHVW DUH EHWWHU WKDQ WKH RWKHU WZR WHVWV� WKH UXOHV DUH FDXVDO� 0DNLQJ WKH

GHFLVLRQ WR GHFODUH D V\VWHP DV FDXVDO DV WKH ODVW FKRLFH UHIOHFWV RXU FRQVHUYDWLYH DSSURDFK�

,I ��DL tH DI� � �DL tH DE�� WKHQ WKH V\VWHP LV LQVWDQWDQHRXV�

(OVH LI �DE tH DI� WKHQ WKH V\VWHP LQ DFDXVDO

(OVH WKH V\VWHP LV FDXVDO�

7KH H VXEVFULSWV LQ WKH FRPSDULVRQ RSHUDWRUV FDSWXUH WKH �DERXW� SKUDVH LQ WKH LQIRUPDO UHSUHVHQWDWLRQ RI WKH

PHWKRG� D !H E LV GHILQHG DV� D ! E � H� 6LPLODUO\� D tH E LV GHILQHG DV D t E � H� 7KH YDOXH RI H LV GHWHUPLQHG

E\ WKH GRPDLQ H[SHUW�

:H DVVXPH WKDW RQFH WKH GRPDLQ H[SHUW ILQGV D JRRG WUDLQLQJ RU SUHGLFWLYH DFFXUDF\ LQ HLWKHU WHPSRUDO

GLUHFWLRQ DQG ZLWK DQ\ ZLQGRZ VL]H� KH ZLOO HPSOR\ WKH FRUUHVSRQGLQJ UXOH VHW WR PDNH SUHGLFWLRQV DERXW WKH

GHFLVLRQ DWWULEXWH� )RU H[DPSOH� LI DPRQJ �� ZLQGRZ YDOXHV� WKH EHVW UHVXOW LV REWDLQHG LQ RQH EDFNZDUG IORZ

WHVW� ZKLOH LQ WKH RWKHU � WHVWV WKH UHVXOWV RI D IRUZDUG IORZ RI WLPH DUH DERXW WKH VDPH RU RQO\ VOLJKWO\ EHWWHU

WKDQ WKH UHVXOWV RI D EDFNZDUG IORZ RI WLPH DW WKH FRUUHVSRQGLQJ ZLQGRZ VL]H� ZH VWLOO PDUN WKH V\VWHP DV

DFDXVDO LQ WKDW ZLQGRZ VL]H UDQJH� 7KH DVVXPSWLRQ EHLQJ WKDW WKH RQH EHVW UXOH VHW REWDLQHG ZLWK D EDFNZDUG

IORZ ZLOO EH XWLOL]HG�

$OWHUQDWLYHO\� ZH FDQ WDON DERXW WKH QDWXUH RI D V\VWHP DW D VSHFLILF ZLQGRZ VL]H Z� ,Q WKLV FDVH� ZH IROORZ

WKH SUHYLRXV VWHSV� EXW ZH XVH

DI  5XOH*HQHUDWRU�)ODW�Z� '� IRUZDUG� G�� G�

DE  5XOH*HQHUDWRU�)ODW�Z� '� EDFNZDUG� G�� G�

,Q VXFK D FDVH� ZH VD\ WKH V\VWHP LV FDXVDO RU DFDXVDO� DW ZLQGRZ VL]H Z�

7R VDIHJXDUG DJDLQVW FDVHV ZKHUH WKH DPRXQW RI LQIRUPDWLRQ LV QRW VXIILFLHQW� ZH FRQVLGHU LW QHFHVVDU\ IRU WKH

GRPDLQ H[SHUW WR KDYH WKUHVKROGV IRU KRZ ORZ WKH DFFXUDF\ LQ WKH WHVWV FRXOG EH EHIRUH WKH UHVXOWV DUH

GLVFDUGHG� )RU H[DPSOH� LI WKH WKUHH WHVWV DOO UHVXOW LQ DFFXUDF\ YDOXHV OHVV WKDQ ���� WKHQ ZH FRXOG FRQFOXGH

WKDW WKH GDWD LV LQVXIILFLHQW IRU PDNLQJ DQ\ MXGJPHQW� 7KH 7,0(56 $OJRULWKP LV SUHVHQWHG LQ )LJXUH ��



�

7,0(56�'� D � E� $WK � H� G�

,QSXW� $ VHTXHQFH RI WHPSRUDOO\ RUGHUHG GDWD UHFRUGV '� D PLQLPXP DQG PD[LPXP IODWWHQLQJ ZLQGRZ VL]H D DQG E�

D d E� $ PLQLPXP DFFXUDF\ WKUHVKROG $WK� D WROHUDQFH YDOXH H� DQG D GHFLVLRQ DWWULEXWH G� 7KH DWWULEXWH G FDQ EH VHW WR

DQ\ RI WKH REVHUYDEOH DWWULEXWHV LQ WKH V\VWHP� RU WKH DOJRULWKP FDQ EH WULHG RQ DOO DYDLODEOH DWWULEXWHV LQ WXUQ�

2XWSXW� $ YHUGLFW DV WR ZKHWKHU WKH V\VWHP EHKDYHV LQ D LQVWDQWDQHRXV� FDXVDO RU DFDXVDO PDQQHU ZKHQ SUHGLFWLQJ WKH

YDOXH RI D VSHFLILHG GHFLVLRQ DWWULEXWH�

5XOH*HQHUDWRU�� LV D IXQFWLRQ WKH UHFHLYHV LQSXW UHFRUGV� JHQHUDWHV GHFLVLRQ UXOHV� DQG UHWXUQV WKH WUDLQLQJ RU
SUHGLFWLYH DFFXUDF\ RI WKH UXOHV�

)ODW�Z� '� 7LPH)ORZ� G� LV D IXQFWLRQ WKDW IODWWHQV WKH UHFRUGV LQ GDWDVHW ' LQ WKH IRUZDUG �FDXVDO� RU EDFNZDUG

�DFDXVDO� GLUHFWLRQ� GHSHQGLQJ RQ WKH YDOXH RI 7LPH)ORZ� WKH ZLQGRZ VL]H Z� WKH GHFLVLRQ DWWULEXWH G� DQG UHWXUQV WKH

IODWWHQHG UHFRUGV�

%HJLQ�

DL  5XOH*HQHUDWRU�'� G��

IRU �Z  D WR E�

DIZ  5XOH*HQHUDWRU�)ODW�Z� '� IRUZDUG� G�� G�

DEZ  5XOH*HQHUDWRU�)ODW�Z� '� EDFNZDUG� G�� G�

HQG IRU

DI  PD[�DID��� DIE�

DE PD[�DED�«DEE�

LI ��DL � $WK� � �DI � $WK� � �DE � $WK�� WKHQ GLVFDUG UHVXOWV DQG VWRS� 1RW HQRXJK LQIRUPDWLRQ WR PDNH D YHUGLFW�

LI ��DL !H
DI� � �DL !H

DE�� WKHQ YHUGLFW  �WKH V\VWHP LV LQVWDQWDQHRXV�

HOVH LI �DI tH
DE� WKHQ YHUGLFW  �WKH V\VWHP LV DFDXVDO�

HOVH YHUGLFW  �WKH V\VWHP LV FDXVDO�

LI Z�  Z� DQG YHUGLFW z �WKH V\VWHP LV LQVWDQWDQHRXV� WKHQ YHUGLFW  YHUGLFW � �DW ZLQGRZ VL]H� � Z�

YHUGLFW  �IRU DWWULEXWH G� � � YHUGLFW

5HWXUQ WKH YHUGLFW�

(QG�

)LJXUH �� 7KH 7,0(56 DOJRULWKP� SHUIRUPHG IRU WKH GHFLVLRQ DWWULEXWH G�

(��%)������	�����������
,Q WKLV VHFWLRQ ZH WU\ WKH SURSRVHG PHWKRG� DV LPSOHPHQWHG LQ 7LPH6OHXWK� ,W LV DQ DSSOLFDWLRQ VRIWZDUH

ZULWWHQ LQ -DYD� DQG XVDEOH DQ\ZKHUH D -DYD UXQWLPH V\VWHP DQG D JUDSKLFDO XVHU LQWHUIDFH LV DYDLODEOH�

&���7� D PRGLILHG IRUP RI WKH VWDQGDUG &��� >�@ WKDW LV DEOH WR GHULYH WHPSRUDO UXOHV� LV XVHG DV WKH UXOH

JHQHUDWRU� &���7
V RXWSXW LQFOXGHV WHPSRUDO LQIRUPDWLRQ� $Q H[DPSOH WHPSRUDO UXOH RXWSXW E\ &���7 LV 5XOH

� LV 6HFWLRQ ��

:H XVH WKUHH GLIIHUHQW GDWD VHWV� HDFK ZLWK LWV RZQ FKDUDFWHULVWLFV� 7KH ILUVW LV V\QWKHWLF DUWLILFLDO OLIH GDWD�

JHQHUDWHG IURP D VLPXODWHG ZRUOG� 7KH VHFRQG GDWD VHW FRPHV IURP D ZHDWKHU GDWDEDVH� ZLWK UHOHYDQW ILHOGV�

PDNLQJ LW SRVVLEOH IRU WKH UXOH JHQHUDWRU WR ILQG UHOLDEOH UXOHV� 7KH WKLUG RQH LV ZHDWKHU GDWD ZLWK IHZ UHOHYDQW

FRQGLWLRQ DWWULEXWHV� ZKHUH LW LV KDUG WR ILQG XVHIXO UXOHV�



�

6HULHV �� 7KH ILUVW VHULHV RI H[SHULPHQWV XVHG GDWD VHW IURP DQ DUWLILFLDO OLIH SURJUDP FDOOHG 85$/ >��@� ,Q D

WZR�GLPHQVLRQDO ZRUOG� D URERW PRYHV DURXQG UDQGRPO\� DQG UHFRUGV LWV FXUUHQW ORFDWLRQ SOXV WKH DFWLRQ WKDW

ZLOO WDNH LW WR WKH QH[W �[� \� SRVLWLRQ� ,W DOVR UHFRUGV WKH SUHVHQFH RI IRRG DW HDFK ORFDWLRQ� 7KH SURJUDP

FKRRVHV IL[ ORFDWLRQV IRU WKH IRRG� DQG NHHSV WKHP WKHUH DOO WKURXJK WKH UXQ RI WKH SURJUDP� 7KH URERW FDQ

PRYH WR OHIW DQG ULJKW DORQJ WKH [ D[LV� DQG DOVR XS DQG GRZQ� DORQJ WKH \ D[LV� ZLWK QR SUREOHPV� H[FHSW IRU

WKH HGJHV RI WKH ZRUOG� ZKHUH D PRYH ZLOO OHDYH LW LQ WKH VDPH SRVLWLRQ� 7KH QH[W SRVLWLRQ LV WKXV UHOLDEO\

SUHGLFWDEOH LI ZH NQRZ WKH FXUUHQW SRVLWLRQ DQG WKH GLUHFWLRQ WKDW WKH URERW ZLOO WDNH DW WKH SRVLWLRQ� 7KLV LV D

WHPSRUDO UHODWLRQVKLS� DV WKH URERW PDNHV RQH PRYH LQ HYHU\ FORFN WLFN� PDNLQJ WKH FXUUHQW SRVLWLRQ

GHSHQGHQW RI WKH SUHYLRXV SRVLWLRQ DQG PRYHPHQW GLUHFWLRQ� )RRG H[LVWV RQ IL[HG ORFDWLRQ� DQG DW HDFK

ORFDWLRQ� WKH SUHVHQFH RI IRRG GRHV QRW GHSHQG RQ DQ\ SUHYLRXV PRYHV RU SRVLWLRQV WDNHQ E\ WKH URERW�

:H ILUVW VHW WKH SRVLWLRQ DORQJ WKH [ D[LV DV WKH GHFLVLRQ DWWULEXWH� ,Q RXU ZRUOG� WKH FXUUHQW [ YDOXH GHSHQG RI

WKH SUHYLRXV [ YDOXH DQG WKH SUHYLRXV PRYHPHQW GLUHFWLRQ� 7KH UHVXOWV DSSHDU LQ 7DEOH ��

:LQGRZ 6L]H &DXVDOLW\ 7HVW $FDXVDOLW\ 7HVW

� �����

� ���� �����

� ���� �����

� ���� �����

� ���� �����

� ���� �����

� ���� �����

� ���� �����

� ���� �����

�� ���� �����

7DEOH �� 85$/ GDWD� 'HFLVLRQ DWWULEXWH LV [�

7KH V\VWHP LV QRW LQVWDQWDQHRXV� EHFDXVH D ZLQGRZ VL]H RI � �FXUUHQW WLPH� JLYHV UHODWLYHO\ SRRU UHVXOWV�

5DWKHU� WKH V\VWHP LV FDXVDO� EHFDXVH WKH IRUZDUG WHVW JLYHV EHWWHU UHODWLYH UHVXOWV� 7KH VDPH FRQFOXVLRQV DUH

REWDLQHG IRU WKH \ YDOXHV�

,Q WKH IROORZLQJ WDEOH ZH VHW IRRG DV WKH GHFLVLRQ DWWULEXWH� ,Q WKLV VLPSOH ZRUOG� WKH SUHVHQFH RI IRRG LV

DVVRFLDWHG ZLWK LWV SRVLWLRQ� %HFDXVH WKH ORFDWLRQ RI WKH IRRG GRHV QRW FKDQJH� ZH FDQ SUHGLFW WKH SUHVHQFH RI

IRRG XVLQJ RQO\ WKH SRVLWLRQV WKDW QHLJKERXU WKH IRRG� :H H[SHFW DERXW WKH VDPH UHVXOWV ZLWK DQ\ YDOXH RI

ZLQGRZ VL]H�

:LQGRZ 6L]H &DXVDOLW\ 7HVW $FDXVDOLW\ 7HVW

� �����

� ����� �����

� ����� �����

� ����� �����

� ����� �����

� ����� �����

� ����� �����

� ����� �����

� ����� �����

�� ����� �����

7DEOH �� 85$/ GDWD� 'HFLVLRQ DWWULEXWH LV SUHVHQFH RI IRRG

7KH V\VWHP LV LQVWDQWDQHRXV EHFDXVH D ZLQGRZ VL]H RI � JLYHV UHODWLYHO\ JRRG UHVXOWV�



��

6HULHV �� 7KH VHFRQG H[SHULPHQW ZDV GRQH RQ D UHDO�ZRUOG GDWD VHW� FRPSULVLQJ /RXLVLDQD ZHDWKHU

REVHUYDWLRQV >��@� 7KH REVHUYHG DWWULEXWHV FRQVLVW RI DLU WHPSHUDWXUH� DPRXQW RI UDLQ� PD[LPXP ZLQG VSHHG�

DYHUDJH ZLQG VSHHG� ZLQG GLUHFWLRQ� KXPLGLW\� VRODU UDGLDWLRQ� DQG VRLO WHPSHUDWXUH� 7KHVH YDOXHV ZHUH

UHFRUGHG HYHU\ KRXU� :H XVHG ��� FRQVHFXWLYH REVHUYDWLRQV WR SUHGLFW WKH YDOXH RI WKH DWWULEXWH VRLO

WHPSHUDWXUH�

:LQGRZ 6L]H &DXVDOLW\ 7HVW $FDXVDOLW\ 7HVW

� �����

� ����� �����

� ����� �����
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7DEOH �� /RXLVLDQD GDWD� 'HFLVLRQ DWWULEXWH LV 6RLO WHPSHUDWXUH�

7KH V\VWHP LV QRW LQVWDQWDQHRXV� EHFDXVH D ZLQGRZ VL]H RI � JLYHV SRRU UHVXOWV� 7KH V\VWHP LV DFDXVDO� VLQFH

WKH DFDXVDOLW\ WHVWV JLYHV WKH VDPH RU EHWWHU UHVXOWV WKDW WKH FDXVDOLW\ WHVW�

6HULHV �� 7KH QH[W WHVW ZDV GRQH RQ WKH +HOJRODQG ZHDWKHU GDWD VHW >�@� ZKLFK FRQVLVWV RI KRXUO\

REVHUYDWLRQV RI WKH IROORZLQJ DWWULEXWHV� \HDU� PRQWK� GD\� KRXU� DLU SUHVVXUH� ZLQG GLUHFWLRQ� DQG ZLQG VSHHG�

7KH GHFLVLRQ DWWULEXWH ZDV VHW WR EH WKH ZLQG VSHHG� ���� KRXUV RI FRQVHFXWLYH REVHUYDWLRQV ZHUH XVHG WR

SURGXFH WKH UHVXOWV�

:LQGRZ 6L]H &DXVDOLW\ 7HVW $FDXVDOLW\ 7HVW

� �����
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7DEOH �� +HOJRODQG GDWD� 'HFLVLRQ DWWULEXWH LV :LQG VSHHG�

7KHUH LV QRW HQRXJK LQIRUPDWLRQ WR PDNH D MXGJHPHQW� ,Q VSLWH RI WKH WKRXVDQGV RI UHFRUGV� HDFK UHFRUG LV QRW

ULFK HQRXJK WR SURYLGH 7LPH6OHXWK ZLWK D UHOLDEOH ZD\ RI FUHDWLQJ UXOHV WR SUHGLFW WKH YDOXH RI WKH GHFLVLRQ

DWWULEXWH� 7KLV LV XQOLNH WKH SUHYLRXV ZHDWKHU GDWD VHW� DQG LV FOHDUO\ UHIOHFWHG LQ WKH DFFXUDF\ RI WKH UXOH�

ZKLFK LV ORZ�

*����	�����	
�&�����
:H LQWURGXFHG WKH 7,0(56 PHWKRG WR MXGJH WKH QDWXUH RI WKH UHODWLRQVKLS DPRQJ D VHW RI FRQGLWLRQ

DWWULEXWHV DQG D GHFLVLRQ DWWULEXWH� 7KH WKUHH SRVVLELOLWLHV DUH� ,QVWDQWDQHRXV� FDXVDO� DQG DFDXVDO� 7KH YHUGLFW

LV GHWHUPLQHG E\ H[DPLQLQJ VHWV RI UXOHV WKDW SUHGLFWV WKH YDOXH RI WKH GHFLVLRQ DWWULEXWH� 7,0(56 UHOLHV RQ

WHPSRUDO FKDUDFWHULVWLFV RI WKH UXOHV� DQG XVHV WKH TXDOLW\ RI WKH UXOHV JHQHUDWHG XQGHU GLIIHUHQW GLUHFWLRQV RI



��

WLPH DV D FULWHULRQ WR GHWHUPLQH LI WKHUH LV D FDXVDO RU DFDXVDO UHODWLRQVKLS LQ WKH V\VWHP WKDW JHQHUDWHG WKH

LQSXW GDWD� 7,0(56 ZDV SUHVHQWHG IRUPDOO\� DQG LQWXLWLRQV DERXW RXU FKRLFHV ZHUH DOVR SURYLGHG DV QHHGHG�

7LPH6OHXWK ZDV LQWURGXFHG DV WKH VRIWZDUH WKDW LPSOHPHQWV WKH 7,0(56 PHWKRG�

:H DSSOLHG 7LPH6OHXWK WR WKUHH GLIIHUHQW GDWD VHWV� 7KH ILUVW GDWD VHW FDPH IURP DQ DUWLILFLDO ZRUOG� ZKHUH WKH

QDWXUH RI WKH UHODWLRQVKLSV ZHUH FOHDU DQG WKHUH DUH QR H[FHSWLRQV WR WKH UXOHV� ,Q WKLV LGHDO HQYLURQPHQW�

7LPH6OHXWK SHUIRUPHG YHU\ ZHOO� :H WKHQ PRYHG WR WKH UHDO�ZRUOG SUREOHP RI WKH /RXLVLDQD ZHDWKHU

REVHUYDWLRQV� ZKHUH WKH GDWD VHW FRQVLVWHG RI PDQ\ UHODWHG DWWULEXWHV� 7LPH6OHXWK FRXOG MXGJH WKH QDWXUH RI

WKH UXOHV WR SUHGLFW WKH YDOXH RI WKH VRLO WHPSHUDWXUH EHFDXVH WKHUH ZDV HQRXJK UHOHYDQW LQIRUPDWLRQ LQ WKH

GDWD DQG WKH UXOHV� ,Q WKH WKLUG VHW RI GDWD� 7LPH6OHXWK ZDV WULHG RQ D �ORQJ EXW QDUURZ� ZHDWKHU GDWD� ZKHUH

WKH DWWULEXWHV ZHUH QRW UHOHYDQW HQRXJK WR SUHGLFW WKH YDOXH RI WKH DWWULEXWH �ZLQG VSHHG�� 7KLV ZDV UHIOHFWHG

LQ ORZ DFFXUDF\ YDOXHV� 7KLV GDWD VHW LV SUREDEO\ PRUH VXLWDEOH IRU D WLPH�VHULHV DQDO\VLV�

7LPH6OHXWK LV ZULWWHQ LQ -DYD DQG IUHHO\ DYDLODEOH E\ FRQWDFWLQJ WKH DXWKRUV RU IURP WKH DGGUHVV

KWWS���ZZZ�FV�XUHJLQD�FD�aNDULPL�GRZQORDGV�KWPO� ,W LQFOXGHV VRXUFHV� H[HFXWDEOHV� H[DPSOH ILOHV� DQG RQOLQH

KHOS�

&� ���	���
>�@ +RHSSQHU� )�� 'LVFRYHU\ RI 7HPSRUDO 3DWWHUQV� /HDUQLQJ 5XOHV DERXW WKH 4XDOLWDWLYH %HKDYLRXU RI 7LPH

6HULHV� 3ULQFLSOHV RI 'DWD 0LQLQJ DQG .QRZOHGJH 'LVFRYHU\ �3.''
������ �����

>�@ .DULPL� .�� DQG +DPLOWRQ� +�-�� 7LPH6OHXWK� $ 7RRO IRU 'LVFRYHULQJ &DXVDO DQG 7HPSRUDO 5XOHV� ��WK

,((( ,QWHUQDWLRQDO &RQIHUHQFH 2Q 7RROV ZLWK $UWLILFLDO ,QWHOOLJHQFH �,&7$,������ :DVKLQJWRQ '&� 86$�

1RYHPEHU �����

>�@ .DULPL .�� DQG +DPLOWRQ +�-�� /HDUQLQJ :LWK &��� LQ D 6LWXDWLRQ &DOFXOXV 'RPDLQ�7KH 7ZHQWLHWK 6*(6

,QWHUQDWLRQDO &RQIHUHQFH RQ .QRZOHGJH %DVHG 6\VWHPV DQG

$SSOLHG $UWLILFLDO ,QWHOOLJHQFH �(6������ &DPEULGJH� 8.� 'HFHPEHU �����

>�@ .DULPL .�� DQG +DPLOWRQ +�-�� 'LVFRYHULQJ 7HPSRUDO 5XOHV IURP 7HPSRUDOO\ 2UGHUHG 'DWD� 7KH 7KLUG

,QWHUQDWLRQDO &RQIHUHQFH RQ ,QWHOOLJHQW 'DWD (QJLQHHULQJ DQG

$XWRPDWHG /HDUQLQJ �,'($/
������ 0DQFKHVWHU� 8.� $XJXVW �����

>�@ .DULPL� .� DQG +DPLOWRQ� +�-�� )LQGLQJ 7HPSRUDO 5HODWLRQV� &DXVDO %D\HVLDQ 1HWZRUNV YV� &���� 7KH

7ZHOIWK ,QWHUQDWLRQDO 6\PSRVLXP RQ 0HWKRGRORJLHV IRU ,QWHOOLJHQW 6\VWHPV �,60,6
������ &KDUORWWH� 1&�

86$� 2FWREHU �����

>�@ .HQQHWW� 5�-�� .RUE� .�%�� DQG 1LFKROVRQ� $�(�� 6HDEUHH]H 3UHGLFWLRQ 8VLQJ %D\HVLDQ 1HWZRUNV� $ &DVH

6WXG\� 3URF� )LIWK 3DFLILF�$VLD &RQIHUHQFH RQ .QRZOHGJH 'LVFRYHU\ DQG 'DWD 0LQLQJ �3$.''
���� +RQJ

.RQJ� $SULO �����

>�@ .UHQHU� $� -� $FDXVDO 5HDOL]DWLRQ 7KHRU\� 3DUW ,� /LQHDU 'HWHUPLQLVWLF 6\VWHPV� 6,$0 -RXUQDO RQ &RQWURO

DQG 2SWLPL]DWLRQ� ����� 9RO ��� 1R �� SS ��������

>�@ 3HDUO� -�� &DXVDOLW\� 0RGHOV� 5HDVRQLQJ� DQG ,QIHUHQFH� &DPEULGJH 8QLYHUVLW\ 3UHVV� �����

>�@ 4XLQODQ� -� 5�� &���� 3URJUDPV IRU 0DFKLQH /HDUQLQJ� 0RUJDQ .DXIPDQQ� �����

>��@ 6FKHLQHV� 5�� 6SLUWHV� 3�� *O\PRXU� &� DQG 0HHN� &�� 7HWUDG ,,� 7RROV IRU &DXVDO 0RGHOLQJ� /DZUHQFH

(UOEDXP $VVRFLDWHV� +LOOVGDOH� 1-� �����

>��@ 6FKZDU]� 5� -� DQG )ULHGODQG %�� /LQHDU 6\VWHPV� 0F*UDZ�+LOO� 1HZ <RUN� �����

>��@ KWWS���W\SKRRQ�EDH�OVX�HGX�GDWDWDEO�FXUUHQW�VXJFXUUK�KWPO� &RQWHQWV YDULHV�

>��@ KWWS���ZZZ�FV�XUHJLQD�FD�aNDULPL�GRZQORDGV�KWPO�85$/�MDYD


